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Subquadratic sampling and learning
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Graph
Model

Attribute

Attribute 
ModelAGM

AGM Models the Joint Distribution: 
PE(E,X|⇥E ,⇥X)

AGM remains scalable (subquadratic)
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Background: Scalable Generative Graph Models

• Erdos-Renyi  
[Erdos & Renyi, 1960] 

• Chung Lu (FCL) 
[Chung & Lu, 2002] 

• Kronecker Product (KPGM) 
[Leskovec et al., 2010]  

• Transitive Chung Lu (TCL) 
[Pfeiffer et al., 2012] 

• BTER  
[Kolda et al., 2012]
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Possible 
Edges

while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
   
  if (vi, vj) not in edges 
    put (vi, vj) into the edges 
!
return edges

Draws are not actually independent
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while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  if (vi, vj) not in edges 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

• Filter: Rejects 
duplicate edges

• Generalize to 
probabilistic rejectionsWe Define a Probabilistic Filter which 

Samples Edges conditioned on Attributes  
(homophily)
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Generated Endpoint Attributes  
Not Conservative and Conservative

Define probabilistic filter to model  
edge-attribute dependencies 



Attributed Graph Models

21



Attributed Graph Models

21

• Do not assume independence



Attributed Graph Models

21

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)



Attributed Graph Models

21

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)



Attributed Graph Models

21

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

Represent Using 
Graphical Models



Attributed Graph Models

• AGM

21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

Represent Using 
Graphical Models



Attributed Graph Models

• AGM

–             = NaiveApproach

21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

(E0,X0,⇥E ,⇥X) (V,E,X, E ,X )

Represent Using 
Graphical Models



Attributed Graph Models

• AGM

–             = NaiveApproach

–   =ComputeAcceptProb

21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

(E0,X0,⇥E ,⇥X) (V,E,X, E ,X )
A (E,X,E0,X0)

Represent Using 
Graphical Models



Attributed Graph Models

• AGM

–             = NaiveApproach

–   =ComputeAcceptProb

–        # reset edges 

21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

(E0,X0,⇥E ,⇥X) (V,E,X, E ,X )
A (E,X,E0,X0)

Represent Using 
Graphical Models

E0 = ;



Attributed Graph Models

• AGM

–             = NaiveApproach

–   =ComputeAcceptProb

–        # reset edges 

– while not enough edges  
  draw (vi, vj) from Q’ (the model)  
 
  U ~ Uniform(0, 1)  
  if U < A(xi, xj)  
    put (vi, vj) into 

21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

(E0,X0,⇥E ,⇥X) (V,E,X, E ,X )
A (E,X,E0,X0)

Represent Using 
Graphical Models

E0 = ;

E0



Attributed Graph Models

• AGM

–             = NaiveApproach

–   =ComputeAcceptProb

–        # reset edges 

– while not enough edges  
  draw (vi, vj) from Q’ (the model)  
 
  U ~ Uniform(0, 1)  
  if U < A(xi, xj)  
    put (vi, vj) into 

21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

(E0,X0,⇥E ,⇥X) (V,E,X, E ,X )
A (E,X,E0,X0)

Represent Using 
Graphical Models

E0 = ;

E0



Attributed Graph Models

• AGM

–             = NaiveApproach

–   =ComputeAcceptProb

–        # reset edges 

– while not enough edges  
  draw (vi, vj) from Q’ (the model)  
 
  U ~ Uniform(0, 1)  
  if U < A(xi, xj)  
    put (vi, vj) into 

21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

(E0,X0,⇥E ,⇥X) (V,E,X, E ,X )
A (E,X,E0,X0)

Represent Using 
Graphical Models

E0 = ;

E0
Probabilistic 

Filter



Attributed Graph Models

• AGM

–             = NaiveApproach

–   =ComputeAcceptProb

–        # reset edges 

– while not enough edges  
  draw (vi, vj) from Q’ (the model)  
 
  U ~ Uniform(0, 1)  
  if U < A(xi, xj)  
    put (vi, vj) into 

–return
21

(V,E,X, E ,X )

• Do not assume independence
PE(X,E|⇥E ,⇥X) = PE(E|X,⇥E ,⇥X)P (X|⇥E ,⇥X)

(E0,X0,⇥E ,⇥X) (V,E,X, E ,X )
A (E,X,E0,X0)

(E0,X0,⇥E ,⇥X)

Represent Using 
Graphical Models

E0 = ;

E0
Probabilistic 

Filter



Attributed Graph Models

22



Attributed Graph Models

• What should the acceptance probabilities be?

22



Attributed Graph Models

• What should the acceptance probabilities be?

22



Attributed Graph Models

• What should the acceptance probabilities be?

22



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?

22



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling
• Proposing Distribution:

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling
• Proposing Distribution:

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)

PE(Eij = 1|⇥E)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling
• Proposing Distribution:

• True Distribution:  

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)

PE(Eij = 1|⇥E)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling
• Proposing Distribution:

• True Distribution:  

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)

PE(Eij = 1|⇥E)

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

)



Attributed Graph Models

• What should the acceptance probabilities be?

• Why?
• Corresponds to Rejection sampling
• Proposing Distribution:

• True Distribution:  

22

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

) (Thm. 1)

PE(Eij = 1|⇥E)

P
o

(E
ij

= 1|f(x
i

,x
j

),⇥E ,⇥X

)

Scalable structural model allows a 
scalable conditional model 



Attributed Graph Models

23



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

b

f

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

b

f

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

b

f

Not Conservative e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

b

f

Not Conservative

Conservative

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

b

f

Not Conservative

Conservative

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g

g

h



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g

g

h



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g

g

h

Conservative

Conservative



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g

g

h

Conservative

Conservative



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g

Conservative

Conservative



Attributed Graph Models

23

# … Learn parameters from network… 
# … Sample attributes … 
!
while not enough edges: 
  draw (vi,vj) from Q’ (the model) 
!
  U ~ Uniform(0,1) 
  if U < A(xi, xj) 
    put (vi, vj) into the edges 
!
return edges

Possible 
Edges

e

a

b

d c

i

h

f
g

Conservative

Conservative

Filtering the scalable structural samples 
creates scalable conditional samples 
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Corollary 1: Expected Degree equals 
Expected Degree of structural model
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Learning

• Given a network, learn
!
– Observed network and the model

• Maximum Likelihood Estimation 
– Single feature: count instances

• Observed Graph: Estimate directly
• Model: Draw sample graph

28

P (f(xi,xj)|Eij = 1, ⇥E , ⇥F )
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Facebook

AGM-TCL Matches TCL

AGM-KPGM Matches KPGM

Dataset
Degree	
  Distribu-on	
  KS	
  Distances

FCL TCL KPGM KPGM

Facebook 0.003 0.002 0.004 0.004

Degree Distributions are -not-
statistically significantly different  

(as shown in Corollary 1)
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!

AGM captures structural model and 
attribute correlations 
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